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Foreword 
 
 
In most of every case of daily life we meet tribology phenomena. Any product where 
one material slides or rubs over another is affected by complex tribological interactions. 
Tribology plays an important role in manufacturing. In metal-forming operations, friction 
increases tool wear and the power required to work a piece. This results in increased 
costs due to more frequent tool replacement, loss of tolerance as tool dimensions shift, 
and greater forces required to shape a piece. The study of tribology is commonly 
applied in bearing design but extends into almost all other aspects of modern 
technology, even to such unlikely areas as biomaterial of hip joint and cosmetics such 
as lipstick, hair conditioner and powders. Tribology is the science and engineering of 
interacting surfaces in relative motion and of related subjects and practices. It 
describes phenomena in friction, wear, and lubrication. 
 
In the past, numerous authors made study on rough surface. The classical analysis 
makes simplifying assumptions about the surface topography and deformation 
behaviour. Traditionally, surfaces were modelled analytically using assumptions and 
simplifications. The behaviour of a single pair of interacting asperities was often 
extrapolated to describe the behaviour of a pair of interacting surfaces covered in 
asperities.  
 
Until nowadays, surface roughness effects were ignored in the analysis, due to the 
difficulty to generate a rough surface model and also to simplify the model in order to 
reduce calculation time. However, many engineering fields seek to improve the 
behaviour of the system at the surface level or the interface between surfaces. Thus, 
with the advance of numerical capabilities, the topography of the surface can be 
included in finite element simulations. 
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Abstract 
 
 
How large is the area of real contact when two solids are brought into contact? This 
fundamental question has interested scientists since the pioneering work of Hertz 
published 1882. The problem is of tremendous practical importance, since the area of 
real contact influence a large number of physical properties such as the contact 
resistivity, heat transfer, adhesion, friction and the wear between solids in stationary or 
sliding contact. 
 
The focus of this thesis is the study the rough contact on micro scale between a rubber 
and steel surfaces. These surfaces are referred to a radial lip seal working on a 
rotational metal shaft. In this thesis this contact is studied using the Finite Element 
commercial software ABAQUS to study the elastic contact of reduced flat surface that 
represents the whole model of a radial lip seal in contact with a metal shaft. The other 
main goal of the thesis is to propose different methodologies to generate rough 
surfaces on a micro scale. These models for rough surfaces are generated using the 
SOLIDWORKS software. The simulation results are compared with the existing main 
theories that study this contact in order to achieve a better understanding of the micro 
scale surface contact mechanics. 
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α ° Air Side Angle 
β ° Lubricant Side Angle 
λ mm Sine Period 
γ mJ Work of Adhesion  
Ψ  Plasticity index 
ν  Poisson’s Ratio 
A mm2 Real Contact Area 
ΔA mm2 Single Asperity Real Contact Area 
Aa mm2 Apparent Contact Area 
A/ Aa % Relation between Contact Area and Apparent Area 
Ap mm2 Punch Area 
a mm Contact Radii 
Amp mm Sine Amplitude 
CAREA mm2 Contact Area in Abaqus 
CNAREA mm2 Contact Area per Node in Abaqus 
CPRESS Pa Contact Pressure in Abaqus 
d mm Punch Indentation 
E MPa Young’s Modulus 
E* MPa Equivalent Young’s Modulus 
FN N Normal Force 
ΔFN N Single Asperity Normal Force 
h0 mm Distance From the Middle Plane 
l mm Root Mean Square 
p MPa Contact Pressure 
pe MPa External Pressure 
R mm Sphere Radii 
S % Sine Shape 
z mm Asperity height 
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1. Introduction 
 
1.1. Topic 
 
In the present thesis the contact between rough surfaces on micro scale is studied. 
This contact problem is referred the case of a radial lip seal in contact with a metal 
shaft. Radial lip seal is an element that can be found in every rotation system and it is 
used to isolate a chamber when the shaft rotates. The rubber lip is responsible of 
avoiding the leakage by sealing the contact zone around the shaft. Therefore the 
contact zone between both surfaces is of crucial importance and determines the 
efficiency and reliability of the whole system. The real contact area is a critical variable 
not only in this case but also in every dynamic system where two surfaces are brought 
together. The study of this contact problem requires a deep understanding in the topics 
of tribology, contact mechanics, surface topography and material behaviour. In the 
present work the rough surface of a rubber is normally pressed by a steel surface in 
order to study the elastic contact on micro scale. 
 
One of the simplest formulations for this case is considered: frictionless and non-
adhesive multiple-asperity contact. In order to study this contact a Finite Element 
simulation is carried out using different models of rough surface. Two different 
methodologies of rough surfaces are proposed and evaluated. The problem studied in 
this thesis is represented in the Figure 1.1: 
 
 
Figure 1.1: Difference between rubber lip and steel shaft surfaces roughness on micro scale. 
 
The Figure 1.1 represents the surface roughness following a sine pattern of the radial 
lip seal and the metal shaft. Both partners have a rough surface in a micro scale but 
commonly the roughness parameters of the elastomeric materials, such as asperity 
height, are considered to be 10 times the roughness values of the metallic materials. 
Therefore the steel surface is considered as perfectly flat and only the rubber surface 
will be considered non flat, as the Figure 1.2 details: 
Rubber lip 
Steel shaft 
µm 
y 
x 
2 
 
 
Figure 1.2: Scaling assumption made on the present thesis. 
 
For this reason when modelling the elastic contact of both partners the surface of the 
steel shaft will be considered perfectly smooth. Moreover the surface of the steel won’t 
be deformed when contacting with the rubber surface due to the enormous difference 
of the elastic yield from both materials. Therefore only the roughness of the rubber 
surface will be the focus of this thesis.  
 
Given this condition the author of the present work assumes that the results of the 
Finite Element simulations referred to the real contact area will not totally represent the 
real working situation but a realistic and trustworthy approximation to this contact 
problem. 
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1.2. Objective 
 
The main goal of this thesis is to study the elastic contact on micro scale of two 
contacting rough surfaces. A Finite Element simulation is used to calculate the values 
of real contact area, contact pressure and normal force when the two surfaces are 
brought into contact. The main focus of this simulation is to calculate the real contact 
area for each proposed model of rough surface and compare these values between 
them and with the apparent contact area. These values are compared with a theoretical 
model that is used to explain this contact problem. The theoretical values are obtained 
developing the analytical calculation under the assumptions and approximations made 
on contact mechanics theories. Simulation and analytical results are discussed in order 
to distinguish if the theoretical approach suits the Finite Element simulation for this 
contact problem.  
 
The second goal of this work is to propose different methodologies to generate three 
dimension rough surfaces on a micro scale in order to represent the roughness of real 
surfaces. These models of three dimension rough surfaces are imported into the Finite 
Element commercial software ABAQUS. The proposed models for rough surfaces in 
this thesis have been generated using SOLIDWORKS software as a pre-treatment tool 
before importing the surface into the Finite Element commercial software. 
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1.3. Methodology 
 
The methodology followed in the present work is described by the following flow chart. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1.3: Flowchart representing research methodology. 
 
Literature survey:  
Scientific journals   
Phd thesis 
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Surfaces generation: 
Cloud of points (Excel)  
    Measurement data 
Surface treatment using 
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Finite Element simulation 
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Simulation results & 
Analytical results 
discussion 
Start 
Finish 
Simulation succesfully 
completed 
Change meshing and/or 
increment size Analytical calculation 
No 
Yes 
Validation of the 
hyperelastic behaviour 
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2. Radial Lip Seals 
 
2.1. Definition 
 
Radial lip seals are used to prevent leakage between dynamic or static machine 
elements in many industrial applications at a wide range of temperatures and 
pressures. The function of a seal is to separate pressurized fluids where, for instance, 
a moving shaft passes through a machine housing or passes from one part of the 
machine to another. It may also serve to avoid the contamination of the system by 
external contaminants and to thereby prevent the damage of the sensitive components 
in the system. These contaminants usually include moisture, water and dry particles 
such as dust, sand dirt or production residues. Therefore it can be said that the contact 
area of a rotary seal performs two essential functions. 
- Retain system lubricant avoiding leakage. 
- Avoid external contamination affect the system. 
 
Although a full contact between the seal and the shaft surface provides perfect sealing, 
it is not preferred because of high friction and wear. To reduce wear, the gap between 
the seal and the shaft is full of lubricant film but it may cause to leakage of the lubricant 
through the seal. Well-designed radial lip seals produce an acceptably low level of 
leakage with a thin fluid film between the shaft and the seal to function effectively for 
low wear [1]. 
 
Lip seals have been widely used in various applications such as rolling element 
bearings, internal combustion engines, hydraulic pumps etc. to seal the fluid in the 
presence of a rotating shaft and a non-rotating and/or reciprocating shaft. This is 
because they are compact, easily installed. In industry a large number of seals are 
used to help to solve the problems presented by fluid sealing needs. The seal is 
mounted on a shaft with an interference fit. A garter spring is used to build up preload 
between the seal lip and the shaft throughout the seal life.  
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2.2. Basic Construction of Radial Lip Seals 
 
The seal construction consists of two main components. One of them is cylindrical 
outer covering of sheet steel or elastomer which seals statically against the housing 
bore and enables the requisite interference fit of the seal in the housing bore to be 
obtained as well as facilitating proper installation. 
 
The second component is the sealing lip of elastomer which provides dynamic and 
static sealing against the shaft. The lip has a sealing edge which is formed by pressing, 
cutting or grinding and is normally pressed against the counterface on the shaft with a 
defined radial force by a garter spring. The edge of the sealing lip and the shaft 
counterface form the most important functional area of a radial shaft seal. The sealing 
effect of the lip can be enhanced by providing the contact area of the lip with 
hydrodynamic aids which may be designed for single direction operation, or for 
alternating directions of shaft rotation. 
 
The lip contacts with the shaft at two angles: the air-side angle α and the lubricant side 
angle β as seen in the following figure. As an experienced know-how, seals are 
designed with a smaller angle at the air-side than the lubricant side to keep the 
lubricant inside the system. The functioning of the lip comes from its asymmetrical 
geometry. The Figure 2.1 details a scheme of a common radial lips seal. 
 
Figure 2.1: Radial lip seal scheme [2]. 
 
Seals are made of viscoelastic and hyperplastic materials such as elastomers. A 
reliable seal design should provide a restricted flow of fluid in a prescribed service 
environment. The reliability of a seal design is determined by the ability of the seal to 
restrict the flow. In order to estimate the reliability of a seal design, it is required to 
define the design parameters and the operating conditions. Seals have not universal 
design to use all applications. Therefore its design can vary depending on the 
application and the following operating conditions: 
- Shaft speed 
- Lubricant 
- Temperature 
- Materials 
7 
 
2.3. Functional Principle 
 
Radial shaft seals ensure dynamic and static sealing at the shaft by means of a 
specially shaped sealing lip, which is assisted by an inserted garter spring. Static 
sealing is achieved by the radial interference fit in the housing bore. 
 
When the shaft is at rest the radial contact force ensures the sealing effect via the 
preload of the elastomer sealing lip and the inserted garter spring. When the shaft 
rotates a mixed-friction condition occurs in which the sealing lip partially lifts off of the 
shaft and lubricant can migrate into the resulting gap. As a result of micro-structures 
occurring into the contact area of the sealing lip, radial shaft seals have a certain 
pump-back capacity which ensures that the medium cannot escape in the contact area 
and can be pumped back into the pressure chamber. At the same time, there is always 
sufficient amount of lubricant present in the sealing gap when the shaft rotates, which 
prevents dry running of the seal. This has a crucial influence on wear of the sealing lip 
and thus the service life of the sealing element. The Figure 2.2 details the interaction 
between the shaft and the sealing lip. 
 
 
Figure 2.2: Shaft-Seal system [3]. 
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3. Contact Mechanics 
 
3.1. Introduction 
 
Contact phenomena are abundant in everyday life and play a very important role in 
engineering structures and systems. These phenomena include friction, wear, 
adhesion and lubrication, among other things. They inherently complex and time 
dependent, taking place on the outer surfaces of parts and components and involving 
thermal, physical and chemical processes. Contact mechanics is the study of relative 
motion, interactive forces and tribological behaviour of two rigid or deformable solid 
bodies which touch or rub on each other over parts of their boundaries during lapses of 
time. However, the contact between deformable bodies is very complicated and it is not 
yet well understood.  
 
There are many existing theories that describe the contact phenomena between two 
solids. One of the foundation for most contact problems encountered in engineering is 
the theory developed by Hertz and still remains as is nowadays. It was not until one 
hundred year later that Johnson, Kendall, and Roberts (JKR) found a similar solution 
for the case of adhesive contact using a balance between the stored elastic energy and 
the loss in surface energy. The JKR model considers the effect of contact pressure and 
adhesion only inside the area of contact. Further advancement in the field of contact 
mechanics in the mid-twentieth century may be attributed to names such as Bowden 
and Tabor. They were the first to emphasize the importance of surface roughness for 
bodies in contact. Through investigation of the surface roughness, the true contact area 
between friction partners is found to be less than the apparent contact area. Such 
understanding also drastically changed the direction of undertakings in tribology. The 
works of Bowden and Tabor yielded several theories in contact mechanics of rough 
surfaces. The contributions of Archard must also be mentioned in discussion of 
pioneering works in this field. Archard concluded that, even for rough elastic surfaces, 
the contact area is approximately proportional to the normal force. Further important 
insights along these lines were provided by Greenwood and Williamson, Bush and 
Persson. The main findings of these works were that the true contact surface in rough 
materials is generally proportional to the normal force, while the parameters of 
individual micro-contacts (i.e. pressure, size of the micro-contact) are only weakly 
dependent upon the load [4]. 
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3.2. Rigorous Treatment of Contact Problems 
 
In this section two different theories describing the contact problem will be discussed. 
The first theory is the Hertzain theory for non-adhesive elastic contact and the second 
is the JKR theory for adhesive elastic contact. 
 
3.2.1. Hertz Theory 
 
Hertz [5] analysed the stresses at the contact of two elastic solids, and thereby 
assumed small strains within the elastic limit. The contact radius a is considered 
significantly smaller than the radius of curvature R, and the two contacting surfaces, as 
depicted in Figure 3.1.  
 
Figure 3.1: A rigid sphere in contact with an elastic half-space. 
 
Hertz theory of non-adhesive elastic contact is based on the following assumptions. 
Assumptions in Hetzian theory: 
 · The strains are small within the elastic limit 
 · The surfaces are continuous and non-conforming 
 · Each body can be considered an elastic half-space 
 · The surfaces are frictionless 
 
Based on these assumptions, the contact radius a, the contact area A, and the 
pressure p can be determined as: 
 
aHertz = √Rd (3.1) 
 
AHertz = πaHertz
2  (3.2) 
 
pHertz =
2aE∗
πR
 
   (3.3) 
 
Where E* is the equivalent Young’s modulus and R is the equivalent radii for both 
partners. These values can be obtained using the following expressions: 
 
1
R
=
1
R1
+
1
R2
 
(3.4) 
 
1
E∗
=
1 − v1
2
E1
+
1 − v2
2
E2
 
(3.5) 
 
In the previous equations the notation 1 and 2 for the values of Young’s modulus (E) 
and Poisson coefficient (v) are referred to each contacting surface. 
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3.2.2. JKR Theory 
 
In order to incorporate the effect of adhesion in Hertzian contact, Johnson, Kendall, 
and Roberts [6] formulated the JKR theory of adhesive contact using a balance 
between the stored elastic energy and the loss in surface energy. The JKR model 
considers the effect of contact pressure and adhesion only inside the area of contact.  
 
We consider an elastic sphere with the radius R in contact with a rigid, planar surface. 
The always present attractive force between two solid bodies (van der Waals forces) 
leads to the fact that an elastic sphere in contact with a smooth plane forms a 
characteristic “neck”. During adhesive contact a “neck” is formed between the two 
contacting bodies, as described in the Figure 3.2. 
 
Figure 3.2: Characteristic neck in the contacting zone. 
 
Introducing the value of work of adhesion Δγ, the values of contact radius, contact area 
and pressure can be calculated following the following expressions. 
 
Δγ = γ1 + γ2 − γ12 (3.6) 
 
aJKR = (
3R
4E∗
(F + 6ΔγπR + √12ΔγπRF + (6ΔγπR)2))
1
3
 
(3.7) 
 
AJKR = πaJKR
2  (3.8) 
 
 
pJKR =
2aJKRE
∗
πR
+ (
4ΔγE∗
πaJKR
)
1 2⁄
 
(3.9) 
 
Where the values E* and R are calculated according to the equations (3.4) and (3.5).  
 
The Figure 3.3 illustrates how the adhesion forces vary the theoretical contact radii and 
therefore the contact area. 
 
 
Figure 3.3: Comparison of the contact radius between Hertz and JKR theories. 
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3.3. Types of Contact 
 
3.3.1. Elastic Contact 
 
Elastic contact occurs when the stress generated by the contact between two surfaces 
doesn’t reach the yield point of a material. This means that all the deformations 
generated in the surface of the material won’t be permanent. The property that 
describes the elastic behaviour of a material is the Young modulus or modulus of 
elasticity E which relates linearly the stress σ with the deformation ε of the material, 
described by the following equation: 
 
σ = E · ε (3.10) 
 
In a uniaxial tensile test, a slender beam with a constant cross-sectional area A and an 
initial length l0 is stretched by Δl. The ratio of the tensile force to the cross-sectional 
area is the tensile stress, described by the following equation: 
 
σ =
F
A
 
(3.11) 
 
Deformation is the ratio of the change in length to the initial length under a tensile 
stress, described by the following equation: 
 
ε =
Δl
l0
 
(3.12) 
 
A typical stress-strain diagram for many metals and non-metals is presented in the 
Figure 3.4. 
 
 
Figure 3.4: Schematic representation of a stress-strain diagram for many metals and non-metals. 
 
3.3.2. Plastic Contact 
 
Plastic contact occurs when the stress generated by the contact between two surfaces 
reaches the yield point. After reaching the yield point, the stress-strain curve abruptly 
diverges from its original linear course and continues almost horizontally: the material 
experiences plastic deformation. Plastic deformation is characterized by the fact that 
after the material is unloaded some of the deformation remains. As a rule, the transition 
from elastic to plastic behaviour is quick, but continuous, so that no distinct “yield point” 
can be defined.  
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The equation that defines the moment when the micro-roughness are in a completely 
plastic state of deformation is: 
 
Ψ =
E∗∇z
σ0
> 2 
(3.13) 
 
The quantity Ψ was introduced by Greenwood and Williamson [7] and is called the 
plasticity index. For Ψ < 2 / 3, the surface behaves elastically during contact. The fact 
of the matter is that whether the system behaves elastically or plastically is 
independent of the normal force. 
 
As soon as the stress in the contact area becomes larger than the critical value, the 
theory is no longer valid. In a plastic state, we can estimate the size of the contact area 
by noting that the material deforms until the compressive stress reaches the hardness 
of the material. For the purpose of estimation, we assume that the material has elastic-
perfectly plastic characteristics with the indentation hardness σ and that the pressure in 
every asperity is approximately equal to the hardness. According to this, the contact 
area is proportional to the normal force in the plastic region as well: 
 
A ≈ FN σ0⁄  (3.14) 
 
3.3.3. Elastic - Plastic Contact 
 
The elastic-plastic contact regime is defined as the regime in which, due to the contact 
loading conditions, the deformations of the contacting asperities stay in between the 
pure elastic and fully plastic deformation mode. Relations between contact surface 
area and average contact pressure as a function of the interference is a very complex 
relationship [8]. 
 
Many authors have tried to numerically approach this contact problem under several 
assumptions referring to surface topography and materials behaviour. Due to the 
complex contact mechanics the scientific community has become more and more 
interested in using the finite element method to solve contact problems. Analytical 
solutions for the elastic-plastic asperities interaction are limited and constrained by a 
number of assumptions and approximations. Finite element analysis is a powerful tool 
when analytical solutions are difficult to obtain. The idea of finite element is based on 
the discretization of the continuous domain or geometry into sub-domains or elements. 
The accuracy of the approximated solution depends solely on the number of elements 
used. To determine the appropriate number of elements, a series of run needs to be 
performed where the convergence of the finite element solution is monitored. Finite 
element analysis has been extensively used to study the elastic-plastic interaction 
between asperities and rigid flat surface. 
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4. Rough Surfaces 
 
4.1. Contact between Rough Surfaces 
 
Most engineering surfaces are rough on micro-scale. High points or microprotrusions, 
usually called asperities, exist on all engineering solid surfaces. In non-lubricated or 
boundary lubrication systems, when such surfaces are loaded against each other, the 
actual contact takes place at these asperities. The real contact area is the sum of the 
areas of the contacting asperities, therefore, the ratio between the real contact area 
and the apparent contact area will be small. During the contact of two surfaces, contact 
will initially occur at a limited amount of asperities to support the normal load. 
 
The surface roughness has a large influence on many physical phenomena such as 
friction, wear, sealing, adhesion, and electrical as well as thermal contacts. The size of 
the real contact area determines, for example, the electrical and thermal resistance 
between the bodies. The size of the contact area and the maximum stress ultimately 
determines the size of the wear particles and therefore the rate of wear. The size of the 
real contact area is also a crucial factor in frictional processes. The cause of frictional 
forces can be visualized as the fracturing of microscopic bonds between the contacting 
bodies. The fracture strength, and therefore the frictional force, should be, according to 
this viewpoint, approximately proportionally to the “real” contact area The Figure 4.1 
shows an example of a cross section of a rough surface.  
 
 
Figure 4.1: Cross section of a rough surface [4]. 
 
In this section the model developed by Greenwood and Williamson (GW model) will be 
described in order to approach analytically the multiple asperity contact problem in 
rough surfaces. This model will be on the focus of the contact problem of this thesis. 
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4.1.1. Greenwood and Williamson Model 
 
Modelling the contact between surfaces based on the asperity approach was pioneered 
by Greenwood and Williamson (GW model) [7] in 1966. The contact between a plane 
and a nominally flat surface covered with a large number of asperities, which, at least 
near their summits, are spherical, was considered. In their analysis the following 
assumptions were used: 
1. The asperity distribution is isotropic. 
2. All asperities are spherical near their summits. 
3. Asperity summits have a uniform radius R, but their heights vary randomly. 
4. The interactions among contacting asperities are neglected. 
5. Only the asperities deform during the contact and there is no bulk 
deformation. 
 
If the contacting peaks are far enough away from each other, then their deformations 
can be considered independent of each other. Thus, the position of the peaks, and 
therefore the exact configuration of the surface, matters little in the contact problem 
(under the given assumptions). Only the height distribution of the peaks is of 
importance. We describe the probability density of an asperity to have the maximum 
height z as Φ(z). That means that the probability that an asperity has the maximum 
height in the interval [z, z + dz] is equal to Φ(z)dz. If the total number of asperities is N0, 
then the number of asperities in the interval [z, z + dz] is equal to N0 Φ(z)dz. The Figure 
4.2 details the model of contacting surfaces according to Greenwood and Williamson. 
 
 
Figure 4.2: Model of a stochastic surface according to Greenwood and Williamson [4]. 
 
For many technical and natural surfaces, it can be assumed that the height of the 
peaks is normally distributed: 
 
Φ(z) = (
1
2𝜋𝑙2
)
1 2⁄
⋅ 𝑒
−
𝑧2
2𝑙2 
(4.1) 
 
Here, the value l is the root mean square of the height distribution: 
 
𝑙 = √(𝑧2) (4.2) 
 
We consider a contact between an elastic body with the described statistical roughness 
and a rigid plane at a distance h0 from the middle level, at which the value of zero for 
the z-axis is assumed.  
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Under the assumption that one can neglect the elastic interactions between the 
asperities, all of the asperities with a height z > h0 are in contact with the rigid plane. 
The penetration depth of an asperity with the height z is: 
 
𝑑 =  𝑧 −  ℎ0 (4.3) 
 
For a single contact according to the Hertz theory, the contact radius is: 
 
 𝑎2  =  𝑑 ⋅  𝑅. (4.4) 
 
Therefore, the contact area of a single asperity is: 
 
∆𝐴 = 𝜋𝑎2 = 𝜋𝑑 · 𝑅 = 𝜋(𝑧 − ℎ0)𝑅 (4.5) 
 
And the single force. 
 
∆𝐹𝑁 =
4
3
𝐸∗𝑅1 2⁄ 𝑑3 2⁄ =
4
3
𝐸∗𝑅1 2⁄ (𝑧 − ℎ0)
3 2⁄  
(4.6) 
 
The total number of contacts, the total contact area, and the total normal force FN are 
found through integration over all of the asperities in contact. This means that the 
integration must be performed over all heights from z = h0 to infinity: 
 
𝑁 = ∫ 𝑁0Φ(z)𝑑𝑧
∞
ℎ0
 
(4.7) 
 
𝐴 = ∫ 𝑁0Φ(z)𝜋𝑅(𝑧 − ℎ0)𝑑𝑧
∞
ℎ0
 
(4.8) 
 
𝐹𝑁 = ∫ 𝑁0Φ(z)
4
3
𝐸∗𝑅1 2⁄ (𝑧 − ℎ0)
3 2⁄ 𝑑𝑧
∞
ℎ0
 
(4.9) 
 
According to these assumptions, the average contact pressure in the real contact area 
is expressed using the following approximation: 
 
𝑝 =
𝐹𝑁
𝐴
 
(4.10) 
 
Many authors continue to use the GW model to analyse the elastic contact of realistic 
3D isotropic rough surfaces, hence implicitly assuming that the topography parameters 
of these rough surfaces are uniquely defined by a single arbitrary 2D cross-section [8]. 
 
The limitation arises from the following approximations: (1) contacting asperities are 
assumed to not interact with the remaining surface through elastic deformation of the 
substrate, i.e. the change in vertical position of asperities neighbouring to a contacting 
asperity is not taken into account; (2) asperities coming in contact are assumed to have 
a constant curvature for all considered loads; (3) consequently, the coalescence 
between adjacent growing contact zones is not possible. These limitations are very 
strong and the extension of these models beyond infinitesimal contact may be quite 
inaccurate. The notion of asperity in itself is also critic able, as according to fractal 
nature of roughness each “asperity” has other “asperities” at its tip and so on and the 
scales of these “asperities” are not separable. Nevertheless, this model has survived 
severe criticism and is still well alive because of their relative simplicity and 
computational attractiveness [9]. 
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4.2. Modelling Rough Surfaces 
 
In this section are discussed some of the beneﬁts, techniques, challenges, and 
considerations associated with the incorporation of rough surfaces in Finite Element 
models including the shape of the surface geometry to create, the required mesh 
density for rough surfaces, the scale used to generate rough surfaces, the limitations 
and idealizations of the Finite Element method and future research directions that can 
be used to validate and expand existing techniques and to improve our understanding 
of surface phenomena [10]. 
 
Traditional surface modelling has used various simpliﬁcations and assumptions to 
incorporate the effects of surface roughness including geometric asperities, 
correlations to surface parameters, probabilistic asperities, and fractal asperities. 
These assumptions have been applied to both analytical and numerical models, and 
are sometimes used in combination with each other [11]. 
 
Surface asperities have been modelled using various geometric shapes. The most 
common shape is the hemisphere which has been used by many authors including 
Greenwood and Williamson. Other asperity shapes in the literature include half 
cylinders, squares, saw tooth patterns and sine patterns, as described in the Figure 
4.3. 
 
 
Figure 4.3: Model of rough surface following sine pattern from Schwarzer [12]. 
 
Much of the early work on surface phenomena focused on establishing correlations 
between indirect surface data or roughness parameters and the behaviour of the 
surface [13]. Some of the main roughness parameters used to describe the topography 
of a surface are: 
- Average surface roughness: Gives a good overall description of the height 
deviation 
- Root mean square roughness: Gives a measure of the roughness of a surface 
from the mean plane. 
- Skewness: Measure of asymmetry of the surface heights about the mean plane. 
- Kurtosis: Describes the shape of the surface height distribution and it is used 
along with skewness to identify the pits/troughs and sharpness/peakedness of a 
surface. 
- Asperity density 
- Radius of curvature 
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Unfortunately, many surface parameters, especially average roughness, provide 
identical values for surfaces with substantially different features. Since these 
parameters are extensively used in existing models of contact between rough surfaces, 
it is concluded that these models do not provide unique predictions. Thus, indirect 
surface data often cannot provide enough information for the accurate prediction of the 
surface behaviour. 
 
Both analytical and numerical surface models have employed probability functions to 
model rough surfaces. In some cases, probability distributions have been used in 
conjunction with geometric asperities. In other cases, they were based on statistical 
parameters derived from measured surface data and used to avoid geometric asperity 
assumptions. Among a wide variety of distributions, the class of isotropic Gaussian 
surface deserves a particular attention from the scientiﬁc community due to its relative 
simplicity and generality. By isotropy one implies that statistical properties of any two 
proﬁles measured along diﬀerent directions are identical. By normality or Gaussianity 
of a surface one implies that surface heights are normally distributed. The Figures 4.4 
and 4.5 detail examples of isotropic and anisotropic rough surfaces respectively.  
 
 
Figure 4.4: Example of an isotropic rough surface [14]. 
 
 
 
Figure 4.5: Example of an anisotropic rough surface [14]. 
 
An alternative approach is to include the direct surface data in a numerical simulation 
using the Finite Element method. In this case, measured surface data can be used to 
generate the geometry for a numerical model, which can then deterministically predict 
the performance were are relatively few examples of Finite Element models using real 
surface data in the literature [15].   
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The primary advantage of using commercial Finite Element software, instead of 
developing custom numerical models such as those described above, is access to the 
extensive capabilities that have been developed over the past 50 years.  
Commercial Finite Element software programs began appearing in the late 1960s and 
have undergone continuous improvement and expansion ever since. Finite Element 
programs today offer various options (element formulations, material models, etc.) for 
the analysis of components and systems in a number of physics and multi-physics 
environments. Commercial FEA programs have mature user interfaces and 
sophisticated graphics packages that permit the analyst to review the input geometry 
and to output the results in an understandable manner. Most programs have tools to 
allow geometry to be created locally and permit geometry to be imported from 
CAD/CAM packages. Many Finite Element programs also permit parameterization, 
which helps the analyst to perform what-if scenarios with relative ease. 
 
The computational limits on any given problem are not determined by the absolute 
number of nodes or elements, or even the unconstrained degrees of freedom in the 
model. Instead, the limits are determined by the way in which the degrees of freedom 
are used. FE analysis is essentially the solution of simultaneous equations: the more 
equations that must be processed and the more equations that must be processed at 
one time (i.e., the greater the size of the solution wave front), the greater the required 
computational effort. The rule of thumb in FEA is that the required memory and the 
solution time both increase roughly with the square of the number of degrees of 
freedom. So doubling the number of nodes will quadruple the cost of the solution. 
Doubling the number of degrees of freedom per node will also quadruple the cost of the 
solution. If there is insufﬁcient memory available, the model simply will not solve. In 
addition, the cost of a Finite Element analysis is determined by the number of times 
those equations must be solved. Linear models create one set of simultaneous 
equations, which can be solved in a single iteration. However, the inclusion of 
geometric and material non-linarites involves regular updates to the stiffness matrix, 
and thus requires an iterative solution. As a result, non-linear models tend to be much 
more computationally expensive than their linear counterpart [16]. 
 
In the case of this thesis the rubber material is modelled as hyperelastic material and 
the elastic behaviour in both compressive and tensile deformation is highly non-linear. 
Moreover the models created in this thesis in the Finite Element software will include 
complex geometries and irregularities on micro scale. Therefore the calculation time 
will be highly increased due to the combination of both factors, despite the simplicity of 
the contact case that is studied. 
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4.3. Proposed Three Dimensional Modelling of Rough 
Surfaces  
 
In this section two different methodologies for generating rough surfaces will be 
detailed. The purpose of this methodologies is to generate rough surfaces that 
realistically represent the surface roughness of rubber materials. Both methodologies 
use the CAD commercial software SOLIDWORKS. The first methodology that will be 
explained is the one that makes the geometric assumption that the surface roughness 
can be represented using a three dimension sine pattern. Using this methodology all 
the asperities are uniformly distributed among the surface and they all have the same 
asperity height. The second methodology uses surface measurement data from a 
radial lip seal to generate a realistic surface. This methodology inputs a cloud of points 
representing the measured surface and using a surface treatment tool that the software 
SOLIDWORKS offers. When generating surfaces in both methodologies the scale of 
these are in millimetres. Therefore the surfaces must be downscaled before starting the 
Finite Element simulation. 
 
4.3.1. Sine Pattern  
 
For this methodology surface roughness of each model has been represented following 
a sine pattern. In order to generate 3D sine surface and import this surface into the 
finite element software the commercial CAD software SOLIDWORKS has been used. 
The software tools give you different possibilities to draw a sine wave. One way to draw 
this curve is using the “XYZ point curve” tool. 
 
 
Figure 4.6: XYZ point curve tool. 
 
This tool allows you to generate cloud of points defined by three dimension coordinates 
and connected to each other. In order to obtain the values for each curve the author of 
the present thesis uses an Excel file that generates four sine waves by inputting the 
parameters of amplitude and period. The structure of this Excel file and a brief 
description of its characteristics is shown on the Figure 4.7. 
 
20 
 
 
Figure 4.7: Generation of a cloud of points using Excel. 
 
Once the desired sine curve is generated the points of each 4 curves are exported into 
the SolidWorks using the “XYZ point curve” tool. These points have to be previously 
saved in a “.txt” file in order to input this cloud of points to SOLIDWORKS as the 
following figure shows. 
 
 
Figure 4.8: Importing points from Excel to SolidWorks. 
Input two defining parameters 
Each curve is defined by 19 
points. 
This surface generator 
describes 4 sine curves. 
When these 4 curves are 
connected to each other a 
mother surface is generated 
and can be extended using 
symmetry tools.  
The “x” and “z” values of the 
generated curves go from 0 
to half the period. 
The “y” values of the 
generated curves goes from  
-Amplitude to +Amplitude. 
Each curve belongs to the 
following plane: 
- 1: Plane XY 
- 2: Plane YZ 
- 3: Plane XY 
- 4: Plane YZ 
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Figure 4.9: Isometric view of the 4 imported curves in SolidWorks. 
 
After importing the 4 sine curves to SOLIDWORKS the surface is generated using the 
tool “fill” as the Figure 4.10 details. 
 
 
Figure 4.10: Generating the mother surface. 
 
Once the mother surface is generated, we can extend the sine surface as much as 
desired using symmetry tools. The result of extending this surface is shown on the 
Figure 4.11. 
 
 
 
Figure 4.11: Isometric (on top) and plant (at the bottom) views of the final extended 3D sine surface. 
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4.3.2. Measurement Data Pattern  
 
The second methodology used to generate three dimensional models of rough 
surfaces in the present thesis is using real measurement data from the surface of a 
radial lip seal. This surface measurement data is obtained from the rubber surface of a 
radial lip seal that is studied in the Institute für Maschinenelemente, Konstruktion und 
Fertigung of the TU Bergakademie Freiberg. The measurement of this surface has 
been carried out using a 3D laser microscope. The model of this microscope is 
Keyence VK 9700. The measurement of the seal surface has been carried out by an 
external company as an order of the Institute für Maschinenelemente, Konstruktion und 
Fertigung of the TU Bergakademie Freiberg. Therefore the measuring procedure of the 
lip seal surface isn’t detailed in the present thesis. The Figure 4.12 shows the 
microscope used to measure the surface of the rubber sample in this thesis. 
 
 
Figure 4.12: 3D laser microscope Keyenca VK 9700. 
 
Once the radial lip seal surface has been measured it is obtained the profile shown on 
the Figure 4.13 referred to the contacting zone of the lip.  
 
 
Figure 4.13: Measured lip seal surface. 
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In order to study the surface roughness of the lip seal this surface is projected into a 
normal plane obtaining the following result showed in the Figure 4.14. 
 
 
Figure 4.14: Projected lip seal surface. 
 
After this measuring step the data referred to the surface roughness is obtained and 
imported into MATLAB. When plotting the surface in MATLAB it is observed that in 
some zones there are peaks and irregularities that doesn’t describe the true surface 
but are caused by measurement errors. In order to avoid them, three different surface 
square samples that aren’t affected by these errors are selected to further study. These 
three surface samples are located in the zone of the radial lip seal that is in contact 
with the metal shaft. The Figure 4.15 and 4.16 detail this surfaces selection. 
 
 
Figure 4.15: Projected surface and contact zone 
 
Contact 
zone 
24 
 
 
Figure 4.16: Three selected surfaces 
 
Each square sample is defined by a cloud of points saved in a “.txt” file. This cloud of 
points is imported into SOLIDWORKS in order to obtain a three dimensional 
representative surface of each selected sample. The Figure 4.17 shows the imported 
cloud of points in SOLIDWORKS.  
 
 
Figure 4.17: Imported cloud of points in SOLIDWOKRS. 
 
Once the cloud of point is in SOLIDOWRKS the tool “Mesh prep wizard” from the 
“ScanTo3D” toolbar is used in order to treat the surface. This tool allows you to obtain 
a solid surface from the cloud of points by defining mesh settings and smoothing the 
boundaries. The methodology followed in this surface pre-treatment consists in 
selecting the cloud of points and generating a representative surface setting the 
different parameters that the “Mesh prep wizard” tool has. A brief description of each 
step followed to model the surface is given: 
 
Three 
selected 
surfaces 
25 
 
- Align the point cloud feature to the global origin and planes. 
- Remove points that are outside the average distribution, if any, resulting in the 
removal of noise points. 
- Mesh boundaries form along boundary edges smoothing the outer edges of the 
surface if necessary. 
- Simplification reduces the number of vertices for mesh features, or reduces the 
number of points for point cloud features, resulting in a simpler, smaller file size. 
- Fill holes if necessary 
 
The result of this procedure is shown in the Figure 4.18. 
 
 
Figure 4.18: Final treated surface sample in SOLIDWORKS. 
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4.3.3. Importing the model into Finite Element Software  
 
In this section is detailed the methodology used in this thesis for importing the different 
models of rough surfaces into the Finite Element software ABAQUS. After generating 
the surface using the SOLIDWORKS software, the model must be imported as a part 
into ABAQUS, in order to proceed with the Finite Element modelling. Different kinds of 
files can be imported and exported from ABAQUS. There exist multiple file formats that 
can be read by the software in order to store the data referred to geometry. In the 
present work the author has chosen the ACIS format for importing parts and sketches. 
ACIS is a library of solid modelling functions developed by Spatial Corp. and most CAD 
products can generate ACIS-formats parts. This allows the user to import and export 
sketches, parts and assemblies in ACIS format 
 
The first step to import ACIS files into ABAQUS is save the part in SOLIDWORKS in a 
“.sat” format. Once the part is saved with a new format we must import it into ABAQUS. 
The Figure 4.18 details this step. 
 
 
Figure 4.19: Importing part to ABAQUS in ACIS format. 
 
Once the file is selected we must define the part characteristics before ending the 
importation. The Figure 4.19 details this step. 
 
 
Figure 4.20: Defining part characteristics. 
 
As the Figure 4.19 shows, the rough model is imported as a 3D deformable part. 
Moreover the part is downscaled by multiplying all lengths by 0.001 because the part in 
SOLIDWORKS was generated in millimetres but the goal is to study this problem on 
micro scale. 
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5. Hyperelastic Model in Finite 
Element Analysis 
 
5.1. Introduction 
 
The hyperelastic model describes the behaviour of nearly incompressible materials that 
exhibit instantaneous elastic response up to large strains. Hyperelastic materials are 
described in terms of a “strain energy potential” which defines the strain energy stored 
in the material per unit of reference volume (volume in the initial configuration) as a 
function of the strain at that point in the material. Several forms of strain energy 
potentials are available in ABAQUS to model approximately incompressible isotropic 
elastomers [19]. The main goal of this section of the thesis is to provide information 
about which is the strain energy potential that describes more accurately the 
hyperelastic behaviour of the tested rubber sample. The Figure 5.1 details the 
methodology followed to model this behaviour. 
 
 
Figure 5.1: Methodology for validating Hyperelastic model. 
 
In order to validate the hyperelastic model that the rubber material referred to the radial 
lip follows a Uniaxial Tensile Test and its Finite Element simulation will take place. The 
results from both parts will be compared in order to prove if the simulation matches the 
experimental test and which strain energy potential can be used in further simulations. 
 
 
 
 
 
Uniaxial Tensile Test 
Test results 
Finite Element Model 
of the Test in the 
studied strain interval 
Results comparison 
Start 
Finish 
Hyperelastic Model 
validated 
Simulation results 
Evaluate the different 
strain energy 
potentials 
Select the strain 
energy potential that 
predicts better the 
test curve 
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5.2. Uniaxial Tensile Test 
 
5.2.1. Scope 
 
A uniaxial tensile test of a rubber sample is carried out in order to provide the 
necessary information to characterize the hyperplastic behaviour of the elastomer 
sample used on the thesis simulations. This test is carried out according to DIN 53504 
[20]. This standard is applied to determinate the tensile strength at break, tensile 
strength at yield, elongation to break and stress values of specimens of certain form of 
elastomers when stretching the specimen at constant speed.  
 
5.2.2. Test Parameters 
 
In this section the main parameters referred to the testing conditions and the rubber 
sample of the uniaxial tensile test will be described. Nevertheless the detailed 
explanation of the testing procedure is determined following the DIN 53504 [20]. The 
main test parameters are described below. 
 
Preload : 0,1 N Preload speed : 20 mm/min 
Test speed : 200 mm/min Test temperature : 22 °C 
Table 5.1: Uniaxial Tensile Test parameters. 
 
5.2.3. Rubber Sample 
 
The rubber sample used in the uniaxial tensile test has the shape of a dumbbell as 
shown in the Figure 5.2. According to DIN 53504 the parameters that define the 
geometry must follow one of the following categories:  
 
Figure 5.2: Dumbbell geometry according to DIN 53504. 
 
The Table 5.2 details the geometry parameters that define the dumbbell geometry 
according to DIN 53504. In our test the rubber sample follows the S 2. 
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Parameter 
Dumbbell 
S 1 S 1A S 2 S 3 S 3A 
Overall length l (mm) 115 100 75 35 50 
Head width b (mm) 25 25 12,5 6 8,5 
Neck length ls (mm) 33 25 25 12 16 
Neck width b (mm) 6 5 4 2 4 
Internal transition radius r1 (mm) 25 20 12,5 3 10 
External transition radius r2 (mm) 14 11 8 3 7,5 
Thickness a (mm) 2 ± 0,2 2 ± 0,2 2 ± 0,2 1 ± 0,1 2 ± 0,2 
Original gauge length L0 (mm) 25 25 20 10 10 
Table 5.2: Dumbbell parameters according to DIN 53504. 
 
5.2.4. Test Results 
 
The stress and strain data resulting of the uniaxial tensile test is showed in the Figure 
5.3 The elongation to break was approximately at 330% of deformation of the original 
gauge length L0 and the tensile stress at break was approximately 15.09 MPa. The 
Figure 5.4 details the values evolution of the Young’s modulus during the test. 
 
 
Figure 5.3: Engineering Stress Strain curve of the tested rubber sample. 
 
 
Figure 5.4: Evolution of the Young’s modulus during the whole test. 
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The range of deformation that the rubber will experience is not so high. Therefore the 
range of tensile deformation that will be studied goes from 0 to 40%. In this range the 
experimental Stress - Strain curve is smoother and more reliable to model the 
hyperelastic behaviour. The Figure 5.5 shows the Stress – Strain curve for this range of 
values. 
 
 
Figure 5.5:  Engineering Stress - Strain curve of the studied strain interval. 
 
The reason for the selection of this specific interval is that the deformation of the 
heights of the micro-asperities in a rough surface is in most cases less than 40%. 
Therefore the validation of the Tensile Uniaxial Test using a Finite Element simulation 
will be done only studying this specific interval of deformation.  
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5.3. Finite Element Simulation of the Test 
 
5.3.1. Evaluation of the Test Results  
 
The rubber sample has hyperelastic behaviour. When modelling in ABAQUS the test 
data referred to the Stress – Strain values are used to model this behaviour. ABAQUS 
provides a convenient Evaluate option that allows you to view the behaviour predicted 
by a hyperelastic or viscoelastic material and that allows you to choose a suitable 
material formulation. The Evaluate option prompts ABAQUS to perform one or more 
standard tests using an existing material. A complex decision to be made is decide 
which strain energy potential must be followed. ABAQUS software offers different 
models of strain energy potential.  
 
In this section the different models for strain energy potentials are evaluated and 
compared with the test data. The main purpose is to select the strain energy potential 
that defines more accurately the hyperelastic behaviour of the rubber sample given the 
test data. The procedure used to select this strain energy potential is started by 
inputting the test data to the material manager box as the following figure details. 
 
 
Figure 5.6: Uniaxial Tensile Test Data input. 
 
Once we have defined the test values as the Figure 5.6 shows we can evaluate the 
material. The following procedure is described in the figure below. 
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Figure 5.7: Evaluate tool. 
 
The Figure 5.7 details the selection of strain energy potentials which will be used to 
predict the hyperelastic behaviour given the test data. Once the evaluation is finished a 
graphic comparing the different predicted Strain – Stress curves for each strain energy 
potential previously selected is prompt in order to compare different material 
predictions. When the graphic with the different predictions of the strain energy 
potentials is prompt we can observe a red curve referred to our experimental data. 
Clearly there are some strain energy potential curves that describe more accurately the 
experimental curve. Nevertheless the strain energy potential that describes more 
accurately the experimental curve is the Marlow potential. 
 
 
Figure 5.8: Marlow strain energy potential curve. 
 
The prediction of the compressive behaviour of this material is very important given the 
fact that only a tensile set of results has been used to model the hyperelastic of a 
material that will undergo compressive stresses.  
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Therefore the Marlow strain energy potential is selected due to the accurately 
prediction of both tensile and compressive strains and its stability. 
 
 
Figure 5.9: Stability limit information of Marlow strain energy potential. 
 
5.3.2. Model Description 
 
In this section a detailed explanation of the Finite Element model takes place in order 
to accurately simulate the experimental test previously described.  
 
- Part: 
The part geometry of the rubber sample follows the dumbbell geometry as shown in the 
Figure 5.12. This part is partitioned in three regions. The central region refers to the 
studied zone when undergoing deformation during the test. 
 
 
Figure 5.10: Rubber Sample geometry in Abaqus. 
 
- Property: 
The rubber sample is modelled as hyperelastic material which follows the Marlow strain 
energy potential as described in the section 5.3.1. Evaluation of the Test Results. The 
material is considered to be Isotropic and the Poisson’s ratio is 0.495. The Figure 5.13 
details the procedure followed to define the material property.  
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Figure 5.11: Property creation. 
 
- Step: 
In order to generate our simulation one step is created. The step refers to the 40% of 
deformation. The step parameters for are detailed in the Figure 5.12.  
 
 
Figure 5.12: Step parameters. 
 
- Load: 
The loads applied to the rubber sample are two. The first one is applied to the lower 
face of the sample and is an encastre condition. The second one is applied to the 
upper face of the sample and is an imposed displacement in the “Y” direction. The 
upper and lower faces of the rubber sample are shown on the following figure. 
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Figure 5.13: Upper and lower face of the rubber sample. 
 
- Mesh: 
In order to generate a proper mesh for the rubber sample geometry the Element 
C3D8H is selected, using the Hex element shape and the hybrid formulation. The seed 
size applied is 0.8. The following figures show the seeding and the mesh after setting 
the parameters. A total of 2001 elements have been generated on this part. 
 
Figure 5.14: Seeds on the rubber sample part. 
 
 
Figure 5.15: Final mesh. 
Upper Face 
Lower Face 
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5.4. Results Comparison 
 
The results obtained with the Finite Element simulation for the studied strain interval 
match with the experimental results obtained with the Uniaxial Tensile Test. The Figure 
5.16 details the experimental and simulation Stress – Strain curves. 
 
 
Figure 5.16: Engineering Stress – Strain curves of the simulation and the test. 
 
As observed in the Figure 5.16 there are some differences between both curves but the 
simulation defines accurately the experimental behaviour of the tested rubber sample. 
Therefore it can be stated that the Marlow strain energy potential predicts accurately 
the behaviour of the rubber material and can be used to model the hyperelastic 
behaviour in further simulations when the elastic contact between the radial lip seal and 
the metal shat is studied. 
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6. Finite Element Modelling 
 
6.1. Pre-processing in ABAQUS 
 
In this section the pre-processing step in ABAQUS is detailed. The pre-processing step 
involves all the feature definitions related with the model in ABAQUS. Therefore a 
detailed step by step description of those will take place in this section. Only the 
features that are common between both models are fully described here, such as Part, 
Property, Assembly, Step, Interaction, Job and Visualization. For those which vary 
depending on the model, such as Loads and Mesh, the exact procedure definition will 
take place in the further sections 6.2. Sine Pattern Models and 6.3. Measurement Data 
Models respectively. Nevertheless a general explanation of these features will take 
place in this section. 
 
- Part: 
All models have two parts, the rough surface and the steel punch. The rough surface is 
generated using one of the two different methodologies proposed in this thesis and 
after that imported into ABAQUS, as the section 4.3 Three Dimensional Modelling of 
Rough Surface in Finite Element Software explains. The second part is the steel 
punch. This part represents the steel shaft in contact with the rubber surface. 
Previously it’s been explained that the steel punch is considered perfectly smooth. 
Moreover this part will be considered rigid, due to the substantial difference between 
the elastic behaviour of metallic and elastomeric materials. The procedure to generate 
this second Part is detailed in the Figure 6.1. 
 
 
Figure 6.1: Punch part creation. 
 
The punch part is modelled as an Extruded shell in order to decrease the total amount 
of elements of the whole assembly, easing the solving of the system. The punch has 
the shape of a square.  
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- Property: 
The rubber part is modelled as a hyperelastic material. In the section 5. Hyperelastic 
model in Finite Element Analysis is explained that the best way to model this behaviour 
in our contact problem given the set of data is use the Marlow strain energy potential. 
The Figure 6.2 details the property creation and assignment for the rubber part. 
 
 
 
Figure 6.2: Property creation and assignment for Rubber part. 
 
For the steel punch part there is no need to create and assign a property due to its 
definition as a rigid part. 
 
- Assembly: 
In all models the punch is horizontally located in contact with the highest point of the 
asperities. The Figure 6.3 details the assembly position of both parts. 
 
 
Figure 6.3: Assembly of rubber and punch part. 
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- Step: 
The step procedures determine the type of analysis executed. In this case the types of 
analysis carried out are static analysis. The Figure 6.4 details the step procedures. 
 
 
Figure 6.4: Step procedures. 
 
- Interaction: 
The interaction manager is used to define the interaction between contacting surfaces. 
Contact interaction in this case is the interaction between a rigid flat surface and a 
rough rubber surface. As previously stated, the contact problem of this thesis is 
frictionless. The procedures for defining this interaction are detailed in the Figure 6.5 
and 6.6. 
 
 
Figure 6.5: Defining surfaces interaction. 
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Figure 6.6: Interaction properties. 
 
- Load: 
The first boundary condition applied to the system is the one that fixes the rubber part. 
The procedure for creating this boundary condition is shown on the Figure 6.7. 
 
 
Figure 6.7: Boundary condition on rubber part. 
 
The loads applied to each model vary in terms of values but always are applied the 
same way. The rigid punch contains a reference point in its geometry and this is the 
reference used to apply a load in terms of negative distance that compresses the 
rubber surface. The displacement values applied to each model are discussed in the 
sections 6.2 Sine Pattern Models and 6.3 Measurement Data Model. The Figure 6.8 
details the procedure for creating this load in each model. 
 
 
Figure 6.8: Applied load on punch. 
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- Mesh: 
Since the punch part is defined as rigid only the rubber part will be meshed. The 
following figures show the meshing procedure followed in all the models. Before 
meshing the rubber part is partitioned by splitting the asperities zone with the bottom of 
the part. Separating the asperity zone reduces substantially the total amount of 
elements generated when meshing accurately. The specific values of global seeds, 
edge seeds and number of elements generated are detailed in the further section 6.2. 
Sine Pattern Models and 6.3. Measurement Data Models. The Figure 6.10 shows the 
procedure for defining the mesh controls and the element type. The type of element 
generated is C3D10H, a 10-node quadratic tetrahedron, hybrid with constant pressure. 
 
 
Figure 6.9: Mesh controls and Element type. 
 
 
Figure 6.10: Global seeds. 
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Figure 6.11: Local seeds. 
 
 
Figure 6.12: Final Mesh. 
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- Job: 
Job manager is used to execute the iterations to solve and calculate the solution for the 
problem given the previously defined features. Determining memory and number of 
processor are necessary to optimize time required during iterating. This procedure is 
shown in the Figure 6.13. 
 
 
Figure 6.13: Job procedure. 
 
- Visualization: 
The visualization is used to evaluate the results of the simulation. The visualization of 
the results will be shown in the chapter 7. Results and Discussion. 
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6.2. Sine Pattern Models 
 
In this section the different models created and simulated following the sine pattern 
methodology are detailed.  
 
- Models description: 
Three different sine patterns have been generated. Each sine wave is represented in 
the Figure 6.14. 
 
 
Figure 6.14: Different sine patterns modelled. 
 
Each sine pattern is defined by amplitude and a period value. These profiles have 
different relation between amplitude and period. The variable that defines the relation 
between the amplitude and period, which in this thesis is called Sine shape, affects 
directly the roughness or smoothness of each pattern. The bigger this relation is, the 
rougher the pattern will be. As the Figure 6.14 shows the wave number 1 is smoother 
and the amplitude increases gradually to the wave number 3.  
 
𝑆(%) =
2 ∗ 𝐴𝑚𝑝
𝑃
· 100 
(6.1) 
 
The Table 6.1 details the wave values that define each sine pattern. 
 
Model Amp [µm] P [µm] S [%] 
1 0,75 5 30 
2 1 5 40 
3 1,25 5 50 
Table 6.1: Sine pattern values. 
 
- Loads: 
When the punch is located on top of the surface, we define the punch indentation as 
the distance that the punch displaces vertically from the first contact with the highest 
asperity. The Figure 6.15 details the general scheme of the punch and the sine 
contacting. 
1 
2 
3 
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Figure 6.15: Scheme of the sine pattern and the contacting punch. 
 
Therefore the deformation of the asperities is defined by the following expression. 
 
𝐴𝑠𝑝𝑒𝑟𝑖𝑡𝑦 𝑑𝑒𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 (%) =
𝑃𝑢𝑛𝑐ℎ 𝑖𝑛𝑑𝑒𝑛𝑡𝑎𝑡𝑖𝑜𝑛
𝐴𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒
· 100 
(6.2) 
 
When the rubber lip seal surface is pressed against the shaft the contact between both 
partners generate an asperity deformation of approximately 40% of the asperity height 
or in the sine pattern case the amplitude. If we assume that for each model the asperity 
deformation value is 40% we can obtain the punch indentation for each sine pattern 
using the expression (6.1). The punch indentation values will be the loads imposed 
when modelling in Abaqus. The Table 6.2 details these values. 
 
Model Indentation [µm] 
Amp [µm] Asperity 
deformation [%] 
1 0,30 0,75 40,00 
2 0,40 1,00 40,00 
3 0,50 1,25 40,00 
Table 6.2: Punch displacement for each sine model. 
 
- Mesh: 
The Table 6.3 details the values of the global seeds, local seeds and amount of 
elements generated on each sine model. 
 
Model 
Global seed 
size 
Local seed 
size 
Number of 
elements 
1 0,0015 0,0005 9.489 
2 0,0015 0,0005 10.170 
3 0,0025 0,0006 13.274 
Table 6.3: Meshing values of each sine models. 
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The Figure 6.16 shows the final mesh obtained for each sine model with the seeding 
previously described. 
 
 
Figure 6.16: Final mesh of each sine model. 
 
6.3. Measurement Data Models 
 
In this section the different models created and simulated following the measurement 
data methodology are detailed.  
 
- Models description: 
Three different measurement data surface samples from a whole surface seal have 
been generated. Each surface belongs to the contacting zone of the seal with the metal 
shaft. These three surfaces are a representative sample of this contact zone. 
 
- Loads: 
The Table 6.4 shows the indentation values for each measurement data model. 
 
Model Indentation [µm] 
1 0,45 
2 0,40 
3 0,58 
Table 6.4: Punch displacement for each measurement data model. 
 
Sine model 1 Sine model 2 
Sine model 3 
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- Mesh: 
The Table 6.5 details the values of the global seeds, local seeds and amount of 
elements generated on each measurement data model. 
 
Model 
Global seed 
size 
Local seed 
size 
Number of 
elements 
1 0,003 0,0009 10.009 
2 0,003 0,0009 13.481 
3 0,003 0,0006 12.005 
Table 6.5: Meshing values of each measurement data model. 
  
The Figure 6.17 shows the final mesh obtained for each sine model with the seeding 
previously described. 
 
 
Figure 6.17: Final mesh of each measurement data model. 
 
 
 
 
 
 
 
Measurement model 1 Measurement model 2 
Measurement model 3 
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7. Results and Discussion 
 
7.1. Analytical Calculation 
 
In this section the analytical calculation of the three sine models takes place. This 
calculation is developed following the GW model previously detailed in the section 
4.1.1. Greenwood and Williamson Model. This model is based on conditions that don’t 
fully comprehend the sine pattern. The two assumptions that must be made before 
calculating are referred to the radii of the asperity and the material properties. The first 
assumption that must be made is which sphere radii fits each sine model. The second 
assumption is referred to the Young’s modulus of the material. Given the non-linear 
elastic behaviour of our material, an approximated Young’s modulus value must be 
selected in order to calculate. The Table 7.1 details the assumption values referred to 
sphere radii and Young´s modulus. 
 
Model Radii assumed E assumed 
SINE 1 1,0 µm 7,5 MPa 
SINE 2 0,7 µm v assumed 
SINE 3 0,5 µm 0,495 
Table 7.1: Sphere radii and material properties assumed values. 
 
The calculation starts with the real contact area. The values of contact radius and area 
of a single asperity are obtained using the equations (4.4) and (4.5). Therefore the total 
contact area is calculated using the expression (7.1), where the value N is the number 
of asperities on the studied surface. 
 
A = ∆𝐴 · 𝑁 (7.1) 
 
A single asperity contact normal force is calculated using the equation (4.6). Therefore 
we can express the total normal force with the following expression. 
 
F𝑁 = ∆𝐹𝑁 · 𝑁 (7.2) 
 
Finally we calculate the contact pressure and the external pressure. The contact 
pressure is the pressure originated in the real contact area when the punch is in 
contact with the asperities. The external pressure is the pressure that the punch 
originates when contacting with the surface. These values are calculated using the 
equations (7.3) and (7.4). 
. 
p =
𝐹𝑁
𝐴
 
(7.3) 
 
𝑝𝑒 =
𝐹𝑁
𝐴𝑝
 
(7.4) 
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- Results: 
The values of the relation between the real contact area and the apparent area during 
the indentation of the punch for each sine model are shown in the Figure 7.1. 
 
 
Figure 7.1: Evolution of the Normal Force versus Asperity Deformation of the analytical Sine models. 
 
The evolution of the normal force is detailed in the Figure 7.2. 
 
 
Figure 7.2: Evolution of the relation between Contact Area and Apparent Area versus Normal Force of the 
analytical Sine models. 
 
The Figure 7.2 shows that for the 40% of asperity deformation the values of the normal 
force are different for each model. The Figure 7.3 details de relation between normal 
force and contact area divided per apparent area. 
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Figure 7.3: Evolution of the Contact Pressure versus Normal Force of the analytical Sine models. 
 
7.2. Simulation Results 
 
In this section the simulation results of each model are detailed. In order to extract 
these results from the ABAQUS software a Python script and a MATLAB code are 
used. The script extracts the information referred to contact pressure of each 
contacting node of the surface. The MATLAB code generates an averaged curve of 
these values for each model. The Python script and the MATLAB code are shown in 
the Appendix C. Extracting Results Code and D. Data Analysis Code.  
 
7.2.1. Sine Pattern Results 
 
In this section the evolution of the variables of the Sine models referred to Normal 
Force, relation between Contact Area and Apparent Area, Contact Pressure and 
External Pressure are detailed. The images of each model obtained after the simulation 
can be found in the Appendix A. Simulation Images. The Figure 7.4 details the 
evolution of the normal force during the asperities deformation on each simulated sine 
model. 
 
 
Figure 7.4: Evolution of the Normal Force versus Asperity Deformation of the simulated Sine models. 
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The Figure 7.5 shows the evolution of the relation between the contact area and the 
apparent area. 
 
 
Figure 7.5: Evolution of the relation between Contact Area and Apparent Area versus Normal Force of the 
simulated Sine models. 
 
In order to compare the values of contact pressure and contact area of each sine 
model the working conditions are defined when the normal force between the punch 
and the rubber is 60N. The Figure 7.6 details the evolution of the contact pressure in 
these models. 
 
 
Figure 7.6: Evolution of the Contact Pressure versus Normal Force of the simulated Sine models. 
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7.2.2. Measurement Data Results 
 
In this section the evolution of the variables of the Measurement Data models referred 
to Normal Force, relation between Contact Area and Apparent Area, CPRESS and 
External Pressure are detailed. The images of each model obtained after the simulation 
can be found in the Appendix A. Simulation Images. The Figure 7.7 details the 
evolution of the normal force during the asperities deformation on each simulated sine 
model. 
 
 
Figure 7.7: Evolution of the relation between Contact Area and Apparent Area versus Normal Force of the 
simulated Measurement Data models. 
 
The Figure 7.8 shows the evolution of the relation between the contact area and the 
apparent area.  
 
 
Figure 7.8: Evolution of the Contact Pressure versus Normal Force of the simulated Measurement Data 
models. 
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7.3 Results Discussion 
 
7.3.1. Comparison between Analytical and Sine Pattern Models 
 
In this section the results of the analytical calculation and results from the Sine models 
are compared.  The first variable that is compared between them is the evolution of the 
relation between de contact area and the apparent area. The Figure 7.9 details the 
evolution of these curves in each analytical and simulation sine model.  
 
 
Figure 7.9: Comparison of the evolution of the relation between Contact Area and Apparent Area versus 
Normal Force of the analytical and simulated Sine models. 
 
The Table 7.2 shows the values of the relation of Contact area and Apparent area 
when 60N of normal force. 
 
A/Aa [%] 
Model Analytical Simulation 
SINE 1 8,796 7,586 
SINE 2 6,514 5,734 
SINE 3 5,175 6,009 
Table 7.2: Values of the relation between contact area and apparent area when 60N of normal force of 
each analytical and simulation Sine Model. 
 
As observed in the figure above the evolution of the relation between Contact Area and 
Apparent area of the analytical sine models becomes nearly linear after a value of 15N 
of Normal Force. On the other hand the curves referred to the simulated models show 
a progression non lineal. Moreover in some points these curves cross themselves. 
Nevertheless the evolution of these curves is similar to the analytical curves. The 
values of the relation between the Contact Area and the Apparent Area on working 
conditions aren’t exact but approximated between the analytical and simulated models. 
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The second variable that is of interest is the contact pressure in working conditions of 
each model. The Figure 7.10 details the evolution of the curves of each sine model 
referred to the contact pressure. 
 
 
Figure 7.10: Comparison of the evolution of the Contact Pressure versus Normal Force of the analytical 
and simulated Sine models. 
 
The Table 7.3 shows the values of the relation of Contact area and Apparent area 
when 60N of normal force. 
 
Contact Pressure [MPa] 
Model Analytical Simulation 
SINE 1 2,245 2,595 
SINE 2 3,028 3,478 
SINE 3 3,823 3,267 
Table 7.3: Values of contact pressure when 60N of normal force of each analytical and simulation Sine 
Model. 
 
As observed in the figure above the evolution of the Contact Pressure of the analytical 
models is nearly lineal when the normal force reaches the value of 15N. This evolution 
is similar to the evolution of the relation between the Contact Area and the Apparent 
Area of the same analytical models detailed in the Figure 7.9. The evolution of curves 
the simulated sine models is completely different and at some points of these curves 
the contact pressure reaches peaks of contact pressure. Nevertheless the values of 
Contact Pressure when undergoing working conditions are approximately similar with 
the values obtained in the analytical calculation. 
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7.3.2. Comparison between Sine Pattern and Measurement Data 
Models 
 
In this section the results of the analytical calculation and results from the Sine and 
Measurement Data models are compared.  The first variable that is compared between 
them is the evolution of the relation between the contact area and the apparent area. 
The Figure 7.11 details the evolution of these curves in each analytical and simulation 
sine model.  
 
 
Figure 7.11: Comparison of the evolution of the relation between Contact Area and Apparent Area versus 
Normal Force of the simulated Sine and Measurement Data models. 
 
The Table 7.4 shows the values of the relation of Contact area and Apparent area 
when 60N of normal force. 
 
A/Aa [%] 
Model Sine 
Measurement 
Data 
1 7,586 8,135 
2 5,734 5,994 
3 6,009 12,375 
Table 7.4: Values of the relation between contact area and apparent area for 60N of normal force of each 
Sine and Measurement data model. 
 
As observed in the figure above the evolution of the relation between Contact Area and 
Apparent area of the simulation sine and measurement data models show different 
evolutions for each model. The values of A/Aa when working conditions of the models 
Measurement 1 and Measurement 2 fit the values obtained with the models Sine 1 and 
Sine 3 respectively. The surface of the measurement data model number 3 shows that 
for this region the contact area grows faster than the other surfaces referred to the 
same radial lip seal and any of the sine models describes this evolution. However the 
evolution of each model of the measurement data is different due to the singularity of 
the geometry of each simulated surface.  
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The second variable that is of interest is the contact pressure in working conditions of 
each model. The Figure 7.12 details the evolution of the curves of each sine model 
referred to the contact pressure. 
 
 
Figure 7.12: Comparison of the evolution of the Contact Pressure versus Normal Force of the simulated 
Sine and Measurement Data models. 
 
The Table 7.5 shows the values of the relation of Contact area and Apparent area 
when 60N of normal force. 
 
Contact Pressure [MPa] 
Model SINE 
MEASUREMENT 
DATA 
1 2,595 2,414 
2 3,412 3,296 
3 3,267 1,593 
Table 7.5: Values of contact pressure when 60N of normal force of each Sine and Measurement Data 
Model. 
 
As observed in the figure above the evolution of the Contact Pressure for the 
measurement data models is completely different to the evolution of the simulated sine 
model. In the curves referred to the measurement data models the evolution of each 
model is different, as the curves shown on the Figure 7.11 of the same models detail. 
This doesn’t show any peak of contact pressure. Nevertheless the values of Contact 
Pressure given working conditions of the models Measurement 1 and Measurement 2 
fit the values obtained with the models Sine 1 and Sine 3 respectively. 
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8. Conclusions 
 
In this work the elastic contact between a rough rubber surface and a steel surface has 
been simulated through finite element aimed at characterizing the behaviour of a radial 
lip seal in contact with a metal shaft. Two different methodologies for generating rough 
surfaces on micro scale have been studied and applied to this contact problem. The 
models created following the Sine pattern methodology have been compared with the 
analytical results obtained following the Greenwood & Williamson model. Moreover the 
Sine pattern models have been compared with the models created following the 
Measurement Data pattern methodology. The variables of relation between Contact 
Area and Apparent Area and Contact pressure have been the focus of this thesis. 
 
The analytical calculation following the Greenwood & Williamson model has been 
carried out in order to study the Sine pattern models. The analytical results compared 
with the simulation results show that for both variables studied, relation between 
contact area and apparent area and contact pressure, the analytical models show a 
nearly lineal evolution while the evolution of the simulation results are non-lineal. The 
difference obtained in the evolution of the curves of both variables can be explained 
due to two main reasons. The first reason is that for the analytical calculation two 
assumptions referred to the geometry and material properties have to be made. The 
first assumption considers that the asperities of the sine model can be described with 
spheres while the sine geometry. The second assumption considers a linear elastic 
behaviour of the material while the rubber studied is modelled as a hyperelastic 
material. Therefore the difference of both analytical and simulation models is given due 
to this assumptions. However the results obtained when undergoing working conditions 
are similar in both analytical and simulation models. When comparing the 
measurement data models with the sine simulated models it is observed that the 
evolution of both variables of each measured surface is different and singular. The 
evolution of the measurement data model curves is different to the sine curves. 
Nevertheless the values of both variables when undergoing working conditions of the 
measurement data models are similar with the values obtained with the simulated sine 
models. Hence, the sine pattern model can be used to represent different rough 
surfaces by varying the Amplitude and Period parameters. From the analysis of the 
Finite Element simulations of each model and the analytical calculation, the following 
conclusion can be drawn: 
 
- The Greenwood & Williamson model can be used to describe approximately the 
sine pattern and obtain similar results of both variables. Although this model 
cannot represent exactly the evolution of both variables due to the assumptions 
that have to be made in order to fit the studied model with the sine geometry. 
 
- The measured surfaces of the radial lip seal are different between themselves 
but these can be studied using sine patterns with different amplitude and period 
values. 
 
- The sine pattern and the measurement data pattern methodologies can be used 
to represent different rough surfaces on micro scale in Finite Element 
simulations. 
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A. Simulation Images 
 
a- CPRESS [Pa] distribution 
 
b- CNAREA [mm2] distribution 
 
Figure A.1: CPRESS (a) and CNAREA (b) distribution of Sine 1 model when undergoing 60N of normal 
force. 
 
a- CPRESS [Pa] distribution 
 
b- CNAREA [mm2] distribution 
 
Figure A.2: CPRESS (a) and CNAREA (b) distribution of Sine 2 model when undergoing 60N of normal 
force. 
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a- CPRESS [Pa] distribution 
 
b- CNAREA [mm2] distribution 
 
Figure A.3: CPRESS (a) and CNAREA (b) distribution of Sine 3 model when undergoing 60N of normal 
force. 
 
a- CPRESS [Pa] distribution 
 
b- CNAREA [mm2] distribution 
 
Figure A.4: CPRESS (a) and CNAREA (b) distribution of Measurement Data 1 model when undergoing 
60N of normal force. 
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a- CPRESS [Pa] distribution 
 
b- CNAREA [mm2] distribution 
 
Figure A.5: CPRESS (a) and CNAREA (b) distribution of Measurement Data 2 model when undergoing 
60N of normal force. 
 
a- CPRESS [Pa] distribution 
 
b- CNAREA [mm2] distribution 
 
Figure A.6: CPRESS (a) and CNAREA (b) distribution of Measurement Data 3 model when undergoing 
60N of normal force. 
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B. Additional Results 
 
 
Figure B.1: Evolution of the relation between Contact Area and Apparent Area versus Asperity 
Deformation of the analytical Sine models. 
 
 
 
Figure B.2: Evolution of the relation between Contact Area and Apparent Area versus External Pressure 
of the analytical Sine models. 
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Figure B.3: Evolution of the relation between Contact Area and Apparent Area versus Asperity 
Deformation of the simulated Sine models. 
 
 
 
Figure B.4: Evolution of the relation between Contact Area and Apparent Area versus External Pressure 
of the simulated Sine models. 
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Figure B.5: Evolution of the relation between Contact Area and Apparent Area versus External Pressure 
of the simulated Measurement Data models. 
 
 
 
Figure B.6: Comparison of the evolution of the relation between Normal Force versus Asperity 
deformation of the analytical and simulated Sine models. 
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Figure B.7: Comparison of the evolution of the relation between Contact Area and Apparent Area versus 
Asperity Deformation of the analytical and simulated Sine models. 
 
 
 
Figure B.8: Comparison of the evolution of the relation between Contact Area and Apparent Area versus 
External Pressure of the analytical and simulated Sine models. 
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Figure B.9: Comparison of the evolution of the relation between Contact Area and Apparent Area versus 
External Pressure of the simulated Sine and Measurement Data models. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0,00%
3,75%
7,50%
11,25%
15,00%
0,000 0,050 0,100 0,150 0,200
A
/A
a
pe [MPa]
MEASUREMENT 1 MEASUREMENT 2 MEASUREMENT 3
SINE 1 SIMULATION SINE 2 SIMULATION SINE 3 SIMULATION
69 
 
C. Extracting Results Code 
 
import odbAccess  
# Open Database 
 
Steps=['Step-1' , 'Step-2' , 'Step-3'] 
 
myOdb = odbAccess.openOdb('RoughModel.odb') 
for k in range(len(Steps)): 
 l=1 
 for i in myOdb.steps[Steps[k]].frames: 
 FileName='Modelname_Step'+Steps[k]+'_Frame'+str(l)+'_CPRESS.txt' 
  l=l+1 
  FileResultsX=open(FileName,'w') 
  FileResultsX.write('NodeNumber\tCPress\n')   
  CPRESS = i.fieldOutputs['CPRESS'] # ContactPressure 
  for v in CPRESS.values: 
FileResultsX.write('%05d\t %10.8E\t\n' % (v.nodeLabel 
,v.data)) 
  FileResultsX.close() 
 
myOdb.close() 
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D. Data Analysis Code 
 
%% Initial 
clear all 
close all 
clc 
  
Frame=1:1:399; 
Step=1;2;3; 
  
  
%% Import Data 
 
l=1; 
for k2=Step 
    for k=Frame 
        FileName=sprintf('Data/Modelname_StepStep-    
        %d_Frame%d_CPRESS.txt',k2,k); 
        [NodeNumber,CPress] = importfile(FileName, 2); 
        MatrixContactPressure(:,l)=CPress; 
        MatrixNodeNumber(:,l)=NodeNumber; 
   l=l+1; 
    end     
end 
 
  
%% Data Analysis 
  
MeanContactPressure=mean(MatrixContactPressure); 
Index=MatrixContactPressure~=0; 
for k3=1:length(Frame)*length(Step) 
MeanContactPressureNonZero(k3)=mean(MatrixContactPressure(Index(
:,k3),k3)); 
end  
  
MeanContactPressure=MeanContactPressure'; 
MeanContactPressureNonZero=MeanContactPressureNonZero'; 
 
%% Plot Data 
  
figure(1) 
clf 
plot(Frame,MeanContactPressure,'b') 
hold on 
plot(Frame,MeanContactPressureNonZero,'r') 
xlabel('Frame Number') 
ylabel('Mean Contact Pressure') 
grid on 
legend('all Elements', 'nonzero Elements') 
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ANNEX 1 
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ANNEX 2 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
